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ABSTRACT

Restriction and prolongation operators are used to provide a unified frame-

-

work for the discussion of errors in approximating evolutionary equations. A

! generalized truncation error enables the spline-Galerkin method to be studied in
detail and the accuracy of various treatments of non-linear terms (such as the
advection operator v*Vv ) compared: it is shown how a multi-stage Galerkin pro-

'5. cess can give errors which are 0(h2“) for splines of order u and quite general

ﬁgvr . differential operators. A Petrov-Galerkin method is derived for 3 = aaxu which

3 is accurate and stable.

AMS (MOS) Subject Classifications: 35A40, 41A15, 65M05, 65M10, 65M15, 65N30.
Key Words: Error analysis, Finite difference methods, Finite element methods,
Spline-Galerkin, Petrov-Galerkin, Prolongation and restriction

operators, Superconvergence, Advection equation.
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SIGNIFICANCE AND EXPANATION

Most problems in continuum mechanics (fluid flow, combustion, elasticity)
involve partial differential equations that can be solved only numerically by
computer. Originally most numerical methods for this class of problem used
finite differences, which involve direct replacement of derivatives by difference
formulae. In the last ten or fifteen years, finite element methods have become
increasingly popular. These involve starting from an assumed functional form for
the unknowns (e.g. piecewise polynomial), then determining parameters in the func-
tional representation via satisfying the partial differential equation in some
approximate sense.

As finite element methods become increasingly used for non-steady problems,
it becomes important that their performance can be compared in detail with that
of the longer established finite difference methods. This paper sets up a frame-
work in which this can be done. Analysis of the spline-Galerkin methods is
carried out and highly accurate schemes put forward for the advection operator
v*Vv, which occurs in the equations for practical problems in which motion of

fluid and material particles are involved.
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ANALYSIS OF EVOLUTIONARY ERROR IN FINITE
ELEMENT AND OTHER METHODS
1

M. J. P. Cullen and K. W. Morton2

1. INTRODUCTION

Any step-by-step procedure for approximating an initial-value problem u; = Lu or
L e Lu consists of three stages: discretisation of the initial data; updating the dis-
crete approximant to match the evolution of the true solution; and interpretation of the
final result. In this paper, we present a general framework for describing and analysing
such procedures based onithe restriction and prolongation operators introduced by Aubin [1)
for studying elliptic problems and used by Noble [20] and others for Fredholm integral equa-
tions. The first stage of a procedure naturally entails the use of a restriction operator
Iye the second an evolution operator Eh and the last a prolongation Py - Our objective is
a practical one: to provide a framework within which in particular finite element, finite
difference and spectral methods can be compared in detail and the development of hybrid
methods encouraged. Detailed comparisons mainly refer to the advection operator Vv'Vv

Following Swartz and Wendroff [28], Douglas and Dupont [8] and Dupont [10], the
standard error analysis of Galerkin methods when Lu is linear, elliptic and negative de-
finite introduces an elliptic projection of the solution Pu and estimates the rate of
evolution of the difference Pu - U, where U is the Galerkin approximation. Much of the
theory for elliptic problems can then be invoked to show that this "evolutionary error" has
the optimal rate of convergence O(hk) in the L2 norm, where h 1is a space discretisation
parameter and the approximation space or trial space has order of accuracy hk. The
analysis is based on energy estimates and is particularly appropriate when L is self-adjoint.
For then the Ritz projection Pu is in a definite sense the best approximation to u and
Gives a firm basis of comparison for U. But the approach can also be used for more general
elliptic operators (see Douglas, Dupont and wheelgr [9]) and for some non-linear problems

(see, for instance, Wheeler [34] and Dendy ([7]).

1
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However, as the departure from self~adjointness is increased, Pu becomes a less
and less good approximation to u or, if a weighted projection is used, the penalty is .

paid in an extra qrowth term for Pu -~ U. Coercivity of L is enough to obtain optimal

order of accuracy but the constants may be large. 1Indeed, at the extreme of first order ¥
hyperbolic equations even this may be lost, as was shown by the example of Dupont [l11] - even
though Dendy [6] demonstrated how this could be recovered. Nevertheless, the general approach
is still valid in all cases: U should be compared with a projection of u into the approxi-
mation space and much information is lost if it is compared directly with u. In integrating
over any reasonable length of time, the evolutionary error is dominant and the most useful
schemes will often exhibit phenomena of superconvergence which can best be studied through
such comparisons. Unfortunately the standard analysis precludes this by the presence of a
term Patu - atU. We present an alternative analysis which places more emphasis on the dis-
crete procedure: it is quite general both as regard to type of procedure and the projection
used in the comparison and, by means of a generalised truncation error, allows superconver-
gence of the evolutionary error to be easily studied.

A particularly interesting case of superconvergence was exhibited by Thomee [32] and .

Thomee and Wendroff [33]. They showed that linear elements used with a Galerkin procedure
on first order linear hyperbolic equations could be interpreted as giving a finite difference
scheme with 0(h4) accuracy, and more generally splines of order u gave an accuracy of
O(hzu). We shall show that this is true under any projection and that with orthogonal pro-
tion in L2 the superconvergence continues to hold with non-linear terms like v " This
view-point draws attention to the possibility of evaluating such a product in a number of
different ways - pointwise multiplication, simple Galerkin and two-stage Galerkin - which
have very different error characteristics. In numerical experiments on the shallow water
equations, Cullen [3,4] found that the non-conservative two-stage Galerkin process gave very
much better results than the single stage process: the analysis indicates why this is so.
Similarly, higher order differential operators led to a loss of accuracy in Thomee's
analysis - for instance, only 0(h2) for the heat equation and linear elements: we shall

2
show that a multistage process can retain the full O0(h By accuracy for any order, at the

cost of a less compact scheme.
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The plan of the rest of the paper is as follows. In section 2, restriction and
prolongation operators are introduced and the unified framework for analysing evolutionary
error is developed. This is illustrated in section 3 on a simple finite element problem and
applied in section 4 to the semi-discrete spline Galerkin method. 1In both sections Fourier
analysis is the main tool for estimating the errors. Section 5 places finite difference

methods in the same framework, drawing attention to the optimal recovery problem arising at

the final prolongation. A Petrov-Galerkin method for ut = aux is proposed in section 6

which is motivated by reference to characteristics, shown to be stable by an energy analysis

and its accuracy determined by Fourier analysis. Finally, in section 7, the results as they
pertain to the advection operator are drawn together, the importance of the restriction oper-

ator in damping short-wave length modes emphasised and the accuracy of an irregular mesh con-

sidered.
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2. UNIFIED ANALYSIS OF EVOLUTIONARY ERROR

We consider pure initial-value problems in the form

Btu -Lu=f on [0,T] x FF
(2.1)
0
u(0,x) = u (x) ,
where u is vector-valued (and may be complex in Fourier analysis) and L is a differen-
5 tial operator in E? , which may be non-linear but has real coefficients and, like £, does
- not depend explicitly on t. It is most convenient to work in a separable Hilbert space V
B | with norm H-[[ and inner product <+,+> and denote by u(t) the mapping u:{0,T] » V.

We assume that L generates a strong evolution operator E(t):V »V , 1t > 0, so that we

may write
u(t+t) = E(tlu(t) , 1 20 . (2.2)

(See, e.g., Kato [16] for conditions under which this may be established and Tartar (30] for
a brief introduction.)

Following Aubin [1], we associate the triplet (Vh,ph,rh) with any procedure for
approximating members of the solution space V on a discrete mesh in FF which is charac-
terised by a parameter h > 0. The discrete space V,, with norm ||||,, consists of ele-
ments uy which are finite dimensional vectors of parameters defining an approximation to

5f u; the restriction operator rh:V > Vh is a continuous mapping identifying this relation-

ship; and the prolongation operator ph is an isomorphism from vh to a closed subspace

Sh of V, called the approximation space. In a typical situation, Sh nmight consist of

p . f : % ; ¢ 2
continuous piecewise linear functions over a triangulation of R, uy the set of nodal

values at the vertices, ru those values obtained from a least squares fit to u and

phrhu the resultant linear approximation. For a given prolongation Py we can define

the optimal restriction (in V), denoted by r such that

hn

.

% Hu - phrhu" = inf l|u — phvhH r Yuev . {2.3)

Vh€ Vh

sxen D e




“
3%
Bo—

It follows that
e =Ly o llpfll=2 (2.4)

hph = Ih' so that

phrh is a projection, and ph;h is the orthogonal projector: also the usual discrete norm

where Ih is the identity in Vh' In fact we shall always ensure that r

is given by Ihﬁ\”h = ||ph0h” , and we shall always assume that Ilrh”h is uniformly bound-

ed as h » 0. Similarly for a given T ﬁh is called an optimal prolongation if

r ﬁh =1 and “ﬁhvh|[= inf [l v e ¥ (2.5)

h h
{veVv rhv=vh}

Part of the convenience of working in a Hilbert space is that a unique §h exists for each
T and satisfies a dual property
l[x - phrhu‘|= viné'[u - phvhll, Yu e V . (2.6)
h¢'h
A semi-discrete approximation to (2.1) consists of a one parameter family uh(t), that

is a mapping uh:[O,T] > Vh. satisfying a system of ordinary differential equations

Btuh = Ilhu-h = fh ’ t e [OIT] ’ (2.7)

where Lh:Vh > Vh in some sense approximates L and fh approximates f. We shall normally

0
assume that uh(O) =ru.

We shall consider only those fully-discrete approximations which are defined on time-
levels 0 = to < tl B tn &ia oG tN = T and shall denote by a superscript n both the

value of u(t) at tn and its approximation “2' satisfying a one-step procedure

n+l n
= E}‘\“’uh ’ (2.8)
Here E;"):vh > Vh approximates the evolution operator E(Ln+1—t“) and again we shall

0
normally take u: =ru. Multi-step schemes may be included in the formulation as follows:

multiple sets of parameters, which may be identifiable with intermediate time levels, are

included in the specification of Vh; prolongations p, can still refer to a single main




time-level but the definitions of restrictions rh must be extended to families

{u(t), 0 £t < T} and the optimality definitions in (2.3) and (2.6) referred to u(t) e V
for each t.

(a) Evolutionary error in the semi-discrete case |

We suppose Py and Ty to be time-independent. How they are chosen will depend on |
the discrete method and the analysis: a Galerkin method usually implies a prolongation and
a difference method may imply a restriction; in either, a prolongation is implied if P U,
is compared to u, and a restriction if uh compared to rhu. For simplicity of notation,
we shall often denote phuh(t) by U(t), and the parameters in uh(t) by Uj(t). Then

the projection phrh enables us to split the error as

u=-U= (I- phrh)u + ph(rhu - uh) & (2.9)

The first term on the right is purely an approximation error in the space Sh and can be

estimated from approximation theory. The second term, called the evolutionary error, is

ol

of greatest interest: we shall use the notation

G R | PREE - - (2.10)

h~ "h h Pr®h
We consider first the usual estimation procedure when uh is generated by a Galerkin
process and L 1is linear and coercive. Then, interpreting such expressions as Lph“h in

a distributional sense, we decompose the difference between (2.1) and the prolongation of

(2.7) as

ate = (phrh-l)atu + L(u-phuh) + (Lph_pth)“h + (f-phfh) . {2.11)
The first and last terms on the right are again approximation errors and the decomposition
is aimed at isolating the middle terms. For a Galerkin process, phatuh is defined with 4

Lh = ;thh, fh = ihf so that, for real u, £ and L, we have

L

((pthuh N phfh) - (Lphuh +£), ay =0 . (2.12)

sk

If, in addition, the restriction is to be defined such that phrh is the elliptic pro-

jection derived from L, we make the further splitting J
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L(u - phuh) = L(u - phthu) + Le (2.13)
and have
i (L(u - phrhu), &Y a0 . (2.14)
Hence from (2.11) we obtain the energy estimate
&L 2
= llell© = (3.e.e) =(Lese) + ({pyr, -3 u,e) (2.15)
giving
d
acllell +aflell <o, -2 ull (2.16)

if (Le,e) < -alle]|?.

This decomposition is heavily oriented towards the Galerkin process and elliptic pro-
jection and the second term in (2.11) will often be difficult to estimate. It also has the
disadvantage that the first term is present throughout and precludes the immediate study of
superconvergence phenomena. We adopt instead a decomposition which places more emphasis on

the discrete operator Lh. Thus we obtain from (2.7) and the restriction of (2.1)

Qe = (Lhr

h u-Lhuh) = (th—Lhrh)u + (rhf-fh) - (2-37)

h

reducing, when L and Lh are linear, to

ateh - Lheh = (th-Lhrh)u + (rhf-fh) . ; (2.18)

The terms on the right in (2.17) and (2.18) we call the truncation error (T.E.). It is the

key term in our analysis and may be estimated in a variety of ways. In particular, in the
case treated above we have from the Galerkin process
(pththu-Lphrhu.e) =0 (phfh-f,e) 9 [ (2.19)
which gives the intermediate result
(ph(ateh-Lheh),e) = ((phth-Lphrh)u + (phrh—I)f,e) v (2.20)
Then, of course, when we introduce r, so that p is the elliptic projector, we recover

(2.15). But in general we shall prefer to retain (2.18) and concentrate attention on the
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difference of bperators th-Lhrh: it is more general and more precise and can give point-

3 wise bounds.

aﬂ (b) Evolutionary error in the discrete case
ot

For notational simplicity we consider the case where tn+1_tn = At, a constant, and

denote by E: the iterated operator Eh over s time steps. Then with the usual regroup-

ing of terms we obtain from (2.2) and (2.8)

Ty n 0 n_ 0 n. 0 n 0
& ™ rh(E(At)) u E ru + (Ehrhu E u))
= =i n-1
= [rhE(At)u Ehrhu T
s n-s-1 s+l n-s-1
et E [EhrhE(At)u - E ru I e
| n-1 e a6 _an
| ok - - . 25
+ [Eh rhE(At)u Ehrhu ] + (Ehrhu huh) (2.21)
We assume that the approximate procedure is stable: that is, that there exist constants Yo
and K such that
= " yomAt
‘ﬁ |lEhvh-Ehwh|h\ < Ke ||vh-whlh\' Vvh,wh € vh - (2.22)
i <
- Then we have
S n-1 vy sAt Yot
5 n 0 i n-s-1 o Q'n 0_
. ”ehlh‘ < KSZO e ll[rhE(At) E r, Ju ”h Ke Il r,u uh”h

A

Y.t
O0'n 0 o
Ke lrpu-u Il + €, i lae)™ (e, B(at)-E r Jute) |} 4 (2.23)
n

in a form similar to that in standard finite difference analysis (see Richtmyer and Morton
[23]).

In most practical problems in several space dimensions, the error in the time dis-
cretisation is of much less concern than that in the spatial variables. It is then appro-
priate to estimate errors from (2.18) rather than from (2.23), which is also simpler. Note

= that if the time discretisation is unimportant ané Euler's method is assumed, then

Eh“h = uh + At[Lhuh+fh]: formally too, E(At)u + u + At[Lu+f] which then relates (2.23) to
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(2.18). For conditions under which this second limit is valid the reader should consult
the references on evolutionary equations already cited. Note, too, that the stability con-
dition on the discrete scheme is replaced by the presence of the term - Lheh on the left
of (2.18).

Use of Fourier analysis

Fourier analysis gives the most precise insight into the local behavior of approxima-
tions and is therefore generally used in comparative assessment of methods on simple model
problems - see, e.g., Swartz and Wendroff [29]. It has long been the most important tool in
the study of the stability of difference schemes and, although subsequently rejected by
Strang and Fix [27] in their analysis of the finite element method, their Fourier analysis
of the method on a uniform mesh, given in an abreviated form by Strang [26], is very illu-
minating and forms the basis of the analysis in section 4. The difficulties arise when one
wishes to be both precise and rigorous outside the simple case of linear, constant coeffi-
cient problems on a uniform mesh. However, both in differential equation theory and the
stability theory of difference schemes, many of the results from Fourier analysis have been
transferred to more general situations and much can be done here too.

In the simple case, and assuming too that the restriction operator is the same for all
components of u, Eh the transform of rh is a scalar multiplier and emerges from the
homogeneous error term in (2.18) as a factor. Thus let k denote the d-component transform

variable and kex its inner product with the space variable x: then with A, L, etc.

denoting transforms, we need to compute ¢(kh). where

f,h/i =1 - e(kh) . (2.24)

Equation (2.18), with fh taken as rhf, transforms to

th h™h

L

>
I

>

= fh[e(kh)i(k)ﬁ(k)l : (2.25)

and the possibility of superconvergence depends on €(kh). We use the term superconvergence

as in Dupont [12] to refer to any property of u that is matched by the approximant to
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higher order than that characterising §S For evolutionary error it means the matching of

he

and will therefore normally depend on the choice of r_: but in this simple

ru by u h

h h

case it does not.

As pointed out by Kreiss and Oliger [17], any discrete procedure needs at least two
grid points per wave length to give minimal accuracy and in practice e (kh) will only be
reasonably small for |k| < m/2h. It is therefore useful to split the truncation error by
looking for bounds of the form |e(kh)| < Cllkhlv for |kh| < /2, |e(kn)| < c, for all

kh, so as to obtain for u = (2n) %fe’¥"¥y(k)ak

2m? |1.E.| sen’ [ e ool K Lmouad ek + o, [ |5 0LKEK) [ak: (2.26)
|k|<n/2h |x|>m/2hn

€ (kh) 1is responsible for keeping the first term small and the second will depend on the
spectrum u(k) of u and possible damping of inaccurate modes by Eh(k). Then an error

bound for ||e is obtained immediately from (2.18) and (2.26) with an assumption such

ol
as the semi-boundedness of Lh:Re(eh,Lheh)h = -ul]ehnﬁ :

If now L 1is linear but the coefficients variable or the mesh non-uniform, u can
still be resolved intc its Fourier components but L cannot be taken through Ih and
£(kh) will depend strongly on its choice, now being defined for each node by

(Lhrhe”‘"‘)j/(rhnelk"‘)j =1-c o . (2.27)

Error estimates can still be based on the equation

SE 6 ), (zn)"djngk)ej(kh)(rhxe*k'x)jak ; (2.28)

LR

We shall see in an example in section 7 how Lh and r, ~may still be defined so as to re-
tain superconvergence properties present in the uniform mesh case.

When L and Lh are non-linear, however, interaction between modes must be calculated
and each case will have to be treated individually. Such studies have been carried out for
various difference methods by a number of authors - see, e.g., Grammeltvedt (14]. We shall
consider in sections 3 and 4, and again in section 7, the typical case when L(u,v) is a

product uv as in the advection operator v.Vu.

]0=

e s bW i




b’ 3. APPLICATION TO A SIMPLE FINITE ELEMENT PROBLEM

We take the space V to be Lz(-w,w) and consider the linear spline Galerkin method

on a uniform mesh applied to g Lu. An element of Vh consists of a set of nodal values

{Uj} at knots x = jh and its prolongation p1 is

(=]
"

T Uglex) o, (3.1)
(5 39

I

where summation is over j ¢ 2, ¢j(x) ¢(x/h-j) and ¢(s) is the piecewise linear shape

-
g

function with ¢(0) = and ¢(&) = 0 for non-zero ¢ ¢ Z. We will use the optimal re-

1
ATl * 1 ; B 2 :
| striction operator r , which makes p'r the orthogonal projector into the space spanned

2o

ik

by {¢j}; that is, if M is the mass matrix defined by Mmj = (¢m,¢j) and u(¢) the vector

! defined by u;¢) = (¢m.u), then

: e e L (3.2)
i In this case, M has components 2h/3 for m = j, h/6 for |m-j| =1 and zero otherwise.
We will denote by {Qj} the nodal values of rlu.
3 ~ ikx
Now taking the mode u = u(k)e , we have
@ o =G0 [ e x/memax = nite ™ -p) (3.3)

where ¢ = kh and § is the Fourier transform of ¢. Hence the Fourier transform of the

projection equations is obtained as
b ersImES,
6 (Qm-1+4 o*m+Qm+l) e ¢(=8)

1:6.; Qm = ﬁ_16(¢) = ﬁeimE 3@(-5)/(2 + cos ) = Geimga(g), say . (3.4)

A simple computation shows that 5(5) = (%{)-2sin2 l{ and hence

2
6(1 - cos &) g
a(l;)=$’\'l+ﬁ I e o [ {3-9)

52(2 + cos £)

*
: We will distinguish particular prolongations by superscripts (thus p1 for linear splines)
1 and always denote the corresponding optimal restriction with the same superscript.

=1I=




T

This confirms the second order approximation error of the linear elements for a fixed k,
13
as a(f) is the ratio of the nodal values of p r'u to those of .

Next let us consider the evolutionary error when L = ax. We have for the nodal values

~ ikx
when u = ue »

(,1[,“,), - ik(rlu)j = ikde'bq(p) . E (3.6)
The discrete Galerkin operator Lh equals !lxpl, or M.lK in terms of the stiffness
matrix ij = (¢m,L¢j)= under Fourier transformation it becomes M K where K =i sin Er

so we have

1 R B W - TR .3 1ising ~ ijg
(Lhr u)j (r'lp'r u)j M "K(r'u);: h(Z + cos ©) uve “Cglg) . (3.7

The ratio of the nodal values (3.6) and (3.7) gi.zs then

3
(Lhr u) " 4
. 3isint <k
ol X E e SRl Rl 35
(x Lu)
j
so defining €(kh) in (2.24). Whatever discrete norm ||-[|h is chosen, this shows that
the evolutionary error is 0(h4) for a given k mode. Moreover, any restriction operator
could have been used in the error definition T u-u, a(g) in (3.4) is just the Fourier
transforn ' of r' and would be changed to Eh' but the same factor would appear in (3.6)
and (3.7) and cancel in (3.8).

To obtain precise error bounds for a general u will however depend on the choice of

r For rl, the 5-2 in a(g) provides some damping for the higher modes. Putting this

he
with (3.8), which is quite accurate up to { = m/2, we can show for this case (L = 9 and
s A rl)
h
4 5. T -2 2
2r|T.B.| < ch” [ |k7a(k)|dk 4+ C, ] on [ |kG(x) |ak (3.9)
kelo n=1 keIn

where I = {k|nm < 2|k|h < (n+1)n} and C =~ 0:0090, C, =~ 4.9

= Fw

-

e i, s .
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{ The choice r is even more important for a non-linear operator, so let us now con-

sider L(u,v) = - uaxv, with Lh again the Galerkin operator. The discrete eqguations

W= L (LY =M KUY become

+4W , +W, + (2U0.+U0. .) (V. -V, * (U .M, YR, =V = 0 . (3.10)
h(wj-l 3 J+l) : 3SR 3-1) j J+1(3+1 j .
~ ik!'
- The interaction of Fourier modes is exhibited by putting v = ve1k * to give
5 . oy - ilsin ¢'+4 sin % £' cos %-g cos % Ce+E")] i5(e+6") E
' = v L & L) :
[Lh(r u,r v)]j W2 + cos (E+e")] uve al(E)al(g") (3 )
“_4 On the other hand
PN o 14 L
B IrlL(u.v)lj = - ik awet I ) g (pag (3.12) ]

and denoting the ratio (3.11) to (3.12) by yc(g,g') we have

YG(g,g') GV (2535'-75252 --Ss;g'3 -45'4 )/720 as g,£' > 0

ait = 1P 9505 | whes g = g . (3.13)
4 i Thus the fourth order accuracy is retained through the non-linear interaction under the opti-
. mal projection.
1
i Clearly contains a factor a(g)a(£')/a(g+£') which will differ for different
Xy choices of r = in the definition of evolutionary error. In the present case, this factor

h

behaves like 1 - % gEg' and cancels a similar factor in (3.11) to fourth order. If, however,
the restriction operator € corresponding to point collocation were used, a(f) = 1 so
that no cancellation occurs, y, V1 + % gEt' and for this definition the Galerkin procedure
for the product is only second order accurate. This is the interpretation used by Swartz and
Wendroff [29], who therefore advocate simple multiplication of grid-point values for evaluat-
ing a product: under £ that operation is then exact of course. We shall return to this

point again in section 7.
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4. EVOLUTIONARY ERROR IN THE SPLINE-GALERKIN METHOD

In [32) and [33) Thomee and Wendroff analysed the precise behaviour of the semi-discrete
Galerkin method based on B-splines of order y, when applied to linear differential opera-
tors on the real line. 1In [33] they showed thet, for the periodic problem atu = Lu on
[0,1), an accuracy of O(hv) was obtained at equally-spaced mesh points when L was of
order m with C  coefficients and initial data, where v = 2p-m for m even and
v = 2p-m+l for m odd and yu > (m+2)/2. Their analysis uses a quasi-interpolant so that
effectively they take the restriction to be collocation at the mesh points while prolongation
produces an expansion using these coefficients and basis functions which are linear combina-
tions of shifted B-splines.

Working in L2, we shall use here the optimal restriction operator and show that the
product operation then has accuracy O(hzu). Since it is clear from the above that ax is
approximated to this accuracy for any restriction, we shall then be able to show that quite
general non-linear differential equations can be approximated to O(hzu) by using a success-
ion of spline-Galerkin projections. The analysis closely follows [32] with only minor changes
in notation.

Let X be the characteristic function of the interval [—%-.%]. Then the B-splines
of order ¥ on a uniform mesh with spacing h can be defined as ¢_(x) = ¢(x/h-j), where

3

¢ = x*x**e+**y (u factors) and * represents convolution. The Fourier transform of ¢ is

2

o = xeEn” = (G o tsin 2 0", (3.1)

and Thomee {32] introduces the trigonometric polynomials
1 s

0~2V, 0- -im g

S W ¢

9, o(8) = (-1) e

-V v
Qo(x)3x¢m(x)dx ' (4.2)

where VvV = [% dg] and [%-(0+1)) < u, and summation is over m € Z: he proves that
0 ~
g, (8 =1 (6s2om”(b(ga2rm? (4.3)
1 (m)
In particular, note that hgu O(E) is the Fourier transform M of the mass matrix formed

from the Oj. It is also easily seen that there is a constant K1 such that
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L o™ 0 <1ex (/m® for gl < . (4.4)

From these definitions, the nodal parameters Qj obtained from projecting a Fourier

ikx

component ue with £ = kh are given by

x

/ Q{X Q.. (x) - et mE S, ¢ (x)dx , Ym € 2 ,
T :

from which we see that

Qj = ﬁeljgﬂ(i) , where a(f) = 5(5)/9u O(E)

-1

i+ kEm? < mEPe® <1, for g < . 4.7

Also, if L = 3x, then writing simply p for the prolongation in this space and r for the

optimal restriction, Lh = ;Lp with Fourier transform ﬁ/ﬁ, so that

= B e o=l = -im& ' iq€
(Lhru)j (K/M)(ru)j =M (ru)j e ) f¢m(x)¢q(x)e dx

(q)

| ~
= ih [gu,l(g)/gu,o(g)](r“)j 2 (4.8)

It is easily deduced from (4.3) that gu'l/gu’0 = E[1 + O(Ezu)] as £ > 0 so that we have
O(hzu) accuracy for the Galerkin approximation to Bx .

Now let us consider the product operation.
Lemma 4.1. If L(u,v) =uv and (L 1) (u,v) is defined as rl(pru)(prv)], then for

u, v € qu

TL(u,v) - (L) (u,v) = o™y , ash >0

Proof

-~ i ~ 3 :
Taking first single components uelkx,velk * with & = kh,n = k'h, the nodal para-

meters Rj for Lh; are given by




T O G

[T R, (x)ax = [] Ge‘“5u<a)¢m(x)2 ve'™atn) g (x)¢_(x)ax . (4.19)
gy 3 8 (m) (n) E
If we introduce the factor +y(&,n) by putting
R = wwelI M L aratmyiem (4.11)
we obtain
hg (E+n)y(Em) = I e1m€¢m(x)z em%n(x)@o(x)dx . (4.12) .
e (m) (n)

The triple product can be evaluated by Poisson's summation formula

§ e () = §  fresanj)et(EH2mIN/m (4.13)
(m) i (3)
to give
g et y(Em) = 1) 6(E+2m)$(n+2nn)e1[5+"+2“(m+“”s¢o(sh)ds
na (m) (n)
=) ] #(e+2mm) $(n+2mn) (E+n+27m [m+n]) . (4.14)

(m) (n)

Clearly vy like g11 o is 2m-periodic in its arguments and from (4.1) we see that
’

1< (OXMX(EM TG (E+n)y(E,m) <1+ x2(<c/w)2“+ (n/m M) (4.15)

for |g|, |n] < n and some constant K,. Now (;L)j contains the factor a(f+n), so if we

denote by 1 - g(£,n) the ratio (Lh;)j/(;L)j we have from (4.6), (4.11) and (4.14)

e(E,m) =1 - u(s)u(n)[i(;+n)1'”gu o(E*MY(Em) . (4.16)

From the bounds (4.7) and (4.15) it follows that

Jete,m| <k ((E/w)2u+ (n/ﬂ)zu], for |el.lal < . (4.17)
3

Integrating now over all components of u and v, and noting that both HL(u.v)“

and HL(p}u,p;v) || are bounded by ||u|| ||v|| v wc; have




e

& rL(u,v) - Lr(u,v) = rluv - (pru) (prv)]
. = fak" 7 [ Go0e -k KT kn, ko hekmiak . (4.18)
b
~
g The integral over |k| > n/h, |k"-k| > n/h converges to zero as h + 0 and inside this
SR
- range, (4.17) gives the required result with the constant including a factor ||lull i ‘\v“2 :
< |
k H H
4 From this bound and the similar one for the operation of differentiation one can state
*
3 the following
q.9-1 1 i : A
Theorem 4.1. Suppose Lu has the form L°L ...L'u, where each L consists either of
] differentiation Bx or multiplication by u or a c” function of x. lLet
o 1 i 3 ) ; i e A
Lh = L:LE 1...Lh, where each L; = rLlp: that is, if le = axv then L;rv = raxprv and
it L'v = uv or f(x)v then L;;v z ;(p;u)(p;v) or ;(p;f)(p;v); p and r are prolonga-
3 tions and restrictions for splines of order u > 2. Then
2 ~ 2
rLu - Lhru = 0th )} as h +=w= (4.19)
}‘, ‘ The proof follows immediately from the lemma and the earlier bound for differentiation
after the decomposition
TL- LT = (ELq-L:i)Lq'l--L' + ans
. T gLl T T g R,
+ Lh Lh (rL Lhr)L T i
cer + toaliebaaldsy | (4.20)
" Th h ‘ |
Thus the full order of accuracy is preserved no matter how many derivatives and products are
K taken. 1In particular, for the linear splines u = 2, the usual loss of two orders of

accuracy as one goes from ax to Bi is avoided by carrying out a projection between the
two derivatives: the resulting scheme is, of course, much less compact than the standard
scheme and the fourth order accuracy in this case will normally be better preserved by
'half-lumping' the mass matrix. In section 7, ho;evet, we show how the intermediate pro-

jection is valuable in the advection operation u Dx u.

=17-
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One final remark on these methods - the L2 norm clearly plays an important part in
the thinking and atu is constructed as a best approximation in that norm. However, when
the final set of nodal parameters u: is obtained, an optimal prolongation could be sought
with respect to another space. For example, suppose that with linear splines a u: ;was
obtained very close to rlun. Then the best estimate of any functional of un from this
data would depend on the smoothness assumed in u". For instance, nodal values might well
be smoothed out: this would be consistent with the observation from (3.5) that
|(r1u)j/uj| > 1 for all Fourier modes with O < kh < m. (Compare the viewpoint in the field

of optimal recovery - see Golumb and Weinberger [13], Meinguet [18), Micchelli ard Rivlin

[19], and references therein.)

«18=
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5. INTERPRETATION OF STANDARD DIFFERENCE METHODS

In a sense a finite difference scheme is not concerned with prolongation operators and

remains entirely in the discrete space. However, the standard stability theory always

supposes some embedding of the approximants into the solution space of the differential pro-
blem and Raviart [22] does this in a manner which is directly antecedent to Aubin's analysis.
Moreover, the choice of the initial data implies the use of a restriction operator and the
interpretation of the final results implies that of a prolongation operator.

The simplest and most convenient operators from a theoretical viewpoint are those used
by Raviart: the spatial region is sub-divided into rectangular cells Cj and rou is de-
fined as the vector Q = {Qj) obtained from averaging u over each cell; the corresponding
prolongation pOO = Z 0.9.(x), where 6. is the characteristic function of the cell C,.

i j !
Then po and ro are mutually optimal in L2: see Temam [31] for developments in other
spaces. This viewpoint is often used in a loose way in direct modelling of conservation laws,
especially in fluid dynamics. However, in constructing such difference schemes these cell
averages have to be inter-related or related to values at intermediate points and it is then
that inconsistencies in the approach are often revealed, as compared with Temam's rigorous
development.

It is much commoner in practice to regard the numbers in a difference calculation as
representing grid-point values of the unknowns - and this is usually how the initial values
are chosen: that is, the restriction r® is a collocation. Tt is interesting then to con-
sider what the optimal prolongation pc should be to recover maximum information at each time
step. From (2.5) pc must be interpolatory. Also, Aubin's results do not apply in L
because r° is not defined as a continuous operator there: we need to work in an under-
lying Sobolev space P where, by Sobolev's lemma, p > d/2. Because pc has to inter-
polate, the norm in (2.5) under which the infimum is taken could in fact be just the L2
norm of the pth derivatives. The solution to this problem is then well-known in the case
of a finite interval of the real line to be given by natural spline interpolation (see
de Boor [5], Schoenberg [24]) and more generally will involve generalised splines (see, e.q.

Schultz and Varga [25]).
_19-
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It is not being suggested here that such procedures should be used in practice but
that these relationships should be borne in mind when, for instance, designing contour-
plotting packages: when processing the output of finite difference procedures one would

expect them to be interpolatory; but, as noted above, when processing that from finite ele-

T

A

ment schemes we could expect some smoothing of nodal values.
Let us consider now very briefly how three of the most important classes of difference
scheme fit into the present framework. The Crank-Nicolson, or more generally the 6-method,

applied to Btu = Lu leads to an evolution operator
= E = [1-At6L, ) 1[I, +0t(1-0)L Ju" (5.1)
g Y T Py aty h i .

where Lh is a central difference approximation to L and some mild restriction on &4t
+
may be needed to solve for u: . when Lh is non-linear.

Then

=l. ¢ c,.n
[Ih Ateth(At) [r E(At)-Ehr Ju

- (At)_l{[Ih—AteLh]rcun+1-lIh+At(1-e)I}‘]rcun} (5.2)

is the usual expression for the truncation error in a finite difference analysis. Similarly
a Lax-Wendroff scheme may use two difference approximations Lél). Léz) together with an
averaging operator A to give

3 (2) R - - T
Eh EI% AtLh A + 3 AtLh 3% (5.3)

and more general Runge-Kutta schemes may be expressed in the same way, all giving a defini-
tion of truncation error identical with the usual one.

Multi-level schemes, like the leap-frog, require a little more care. We define vh
to represent discrete approximations at two time levels % At apart, with rh defined by

the procedure used to obtain approximations at t=0, t= % At from the initial data. The

two meshes may or may not be staggered and we may cover the generalised case in which the

two time levels are updated differently by using two difference operators Lél). i

Denoting by uél), ugz)

Lh

the components of uy at the two levels, we have

-20~-




n+l
I(1) u(1) (1) (2) u(1)

h h = Ty e h

(1) I(2) u(2)

(2) ()
- 5.4
g T h | &’h ’ s

(1) (2) (1)
B.ou = n % i/“h
hh (1) (2) Y E(2) (2)
AtLh Ih +(At) Lh Lh uh . (5.5)
If L is linear and _u2 is an eigenvalue of Lél)ng), then the eigenvalues of Eh are
1
2
: g 29 2 T2 2
eig. Eh =1 + 1uAt[§ (2 uat) ] S (At) » (5.6)

the upper sign giving the approximating modes and the lower the familiar spurious modes,

when all variables are held at each level. The error (At)-L{rhun+1-Ehrhun] is then best
studied by resolving ru into the two sets of modes: for example, when u 1is scalar and
Lél) = LQZ), one gets
1

Y E e At)z’]2+li pt (5.7)

s g R g g " Brche Y ;
that is, the true mode represents uéz) half a time-step ahead of uél) and the spurious

. 1 2 : . - :

mode having u; ) and u; ) almost equal and opposite in sign. As is well known, such a
linearised analysis carried out for Lu = - quu shows the spurious mode.to be not only

travelling in the wrong direction but to be amplified when the true mode is damped and thus
capable of generating a non-linear instability.

Eacﬁ of these sche' s may be "hybridised" by using, for instance, Galerkin methods to
generate Lh. The wave equation, treated as a system by leap-frog, is a useful example.
Unstaggered linear elements under the Galerkin procedure give, of course, the asymptotic
error (1/180)54 of (3.8): if the two meshes are staggered this is reduced by a factor

- 13/32 but at a cost of reduced stability.
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6. A PETROV-GALERKIN METHOD FOR Btu = anu

3 . g , 2 ’ . 2 2
If u 1is given, the Galerkin approximation to Lu is optimal in the L sense soO
that, in a semi~discrete method or an explicit difference method in time as At » 0, the
Galerkin equations give an optimal approximation to the time derivative or difference of u.

But for an implicit difference method one has to approximate the solution to equations like

n+l +1 : . o : : X
u -SAtLun = qn. If L 1is not self-adjoint it is likely that the Galerkin equations

: . ; : + : s R P
will give a poor approximation to un l. Thus experiments for similar equilibrium problems
are being conducted to find appropriate test functions for a Petrov-Galerkin approach -~ see

[2] and [15] and references therein.

Suppose test functions X; are used to give an approximation to atu = Lu by

n+l i1

™ - eaert™ - s-e)atro™y LX) =0 . (6.1)

Then the operator (I - HAtL) in the inner product defines a new restriction operator Sh

n+1

for obtaining {Uj }. The evolution operator in (2.8) is given by

Eh = sh(I + (L—G)AtL]ph ’ (6.2)

while the LN occuring in the truncation error of (2.23) will normally be different. Even

for the explicit case 6 = 0, it may be useful to use the Petrov-Galerkin method.

We consider here the case when Euler's method is to be used on u,
1

elements on a uniform mesh and p, rl defined as in section 3. Now it is well-known that

aaxu with linear

Galerkin's method gives a scheme which is unstable unless At = O(Ax)z- On the other hand,
when a 1is constant the characteristics can be followed exactly and there need be no
evolutionary error. So we consider whether there is a choice of Xi which will achieve

this result.

Lemma 6.1. Suppose the basis functions ¢j are such that we can set

3x®j(x) = ﬂj_l(x) = ﬂj(x) b ) = ¢j(x) = %) (6.3)

and ﬂj(x) = m(x/h-j) for some 7(x). Then the Euler-Petrov-Galerkin method will follow

the characteristics of Btu = aaxu for alt = h iff.

(Xi ' wj) =0 i (O [ (6.4)
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Proof

‘
-

A +* -
Then if Uu" = ZQj¢j ,» we need (i o ZQj+1¢i for apt = h. Thus the following

;i' § should be an identity in Q, or, equivalently, in Q. - 0,
‘ Ry - J s J 2
3 g (202,170,065 = BIO 05 + x) =0 . ¢ i ‘
® 1 A
;i The coefficient of (Qj+1-Qj) is just wj(x) from (6.3) so the result follows immediately. g
i !
jf‘ For linear basic functions ¢; 5 Bx¢; = (¢?_l-¢g)/h, where ¢g is the characteristic %
; function of the interval [jh,(j+1)h], so that wj = ¢;-¢g. Moreover, Wj is itself the %
i?.; difference of two triangular-shaped functions, wj = sj_l-sj where sj(x) = x/h=-j in 3
- | [Fh,(j+1)h] and sj(x) = 0 otherwise. Thus we need (xi . sj) to be constant, indepen- %
1 dent of j. Clearly if Xm is to be of the form Xm(x) = X(x/h-m) with X of compact %
3 support, we need | %
m+1 1
[, txtydt =0 , ¥nm . (6.5) A %
We choose i j
V} 5 = X(t) = 4-6t, for t e [0,1]; X(t) = O, otherwise . (6.6) éj
E Then fxdt =1 and for constant a > 0 we take test functions which are a linear combina- ; é
tion of Xi and ¢i. We must first establish stability.
Theorem 6.1. The Petrov-Galerkin scheme given by
) o™l @ 4 ated o, viel v uxp =0 v i, (6.7) :
is stable for constant a on a uniform mesh if }
0<aAt/h <v <l . (6.8) I
We shall need the following results which can be easily computed. i
Lemma 6.2. For the basic functions ¢g ’ ¢; and Xj we have: i
., <xi-¢?) = ( xiw;-') ~ <¢2.¢g) = héij = %(Xi.xj) . (6.9)

Denote by °i the test functions in (6.7), defining a restriction operator S+ Then ]

n+l

we form first V = p]sh(aaxUn), multiply equation (6.7) by the coefficient (Ui +U?+Atvi)

d and sum over i t¢o get




W™ stV )0 =0
1 - 1 5

g™t (Un+aAtaxUn), 5

(1)

(6.10)

0 3 :
Let us denote by U the vector of nodal values {Uj} and by p U, p°g, p‘g its pro-

; : 0 ;
logations using basis functions {¢j}, {oj), {Xj} respectively: we also retain the nota-

tion U for plg. Then (6.10) can be written as

it (u"+asta U™, [(1-v)ptevp™1 (4 v+ atvp =0

(6.11)

+ .
and, from the lemma, the cross products between gﬁ and gn A are symmetric and therefore

cancel to give a difference of squares. Furthermore, from the construction of V

that for any vector W,
(v-ay 0", pPw) = 0
% Ll
So (6.11) reduces to

La-v) ||o™)2 + o) pCu™)|2

1 - 1w U2 olp%u”
5 n BN o
= at(ad, U, [(A-vp +vp 1 (2U+AEN))

To simplify the right-hand side, note that ( Un, plun) = 0 and that
3y g

0

lina, g™ X012 = Hzyy 0565 -eSealf = 180712 -

expanding the sum gives therefore
Yo%) = - nlla )2

n
23 U°, p'U -
For the final term, we have from (6.12)
) ]
@, ", p'v) = ®'y, p°W) = (1-v) [|p'y || % ole%? .

while from the Cauchy-Schwarz inequality

260" ') < (@-w [lptyll %+ wllp el flea 0”1
so that together we have
n 4 n2
ad U, p V)< Haaxu e

Putting (6.14) with (6.15) gives for the right-hand side of (6.13),

=24=

it follows

(6.12)

(6.13)

(6.14)

(6.15)

LF




((ast)? - vhapt) ||axu"||2

so that stability follows for vh > aAt .

Next, we can consider accuracy and have the following:

'é : Theorem 6.2. The Petrov-Galerkin scheme given by (6.7) is second order accurate if

v = aAt/h = constant < 1

;‘ Proof

We can use Fourier analysis, putting u = aelkx. Then writing p = aAt/h and with :

o a(g) given by (3.5), ;

- s w
1 (rlE(At)u)j = ua(&)e1€(3+“) 5 (6.16)

The mass matrix for (6.7) has transform M = h[% (1-v) (2+cos &) + v], and we have

1 Eiva igj
s (Ehr u)j ua(g)e ""B(E)
where B(E) = 1 + aAtﬁ_ll(l—v)i sin £ + v(eig-l)] . (6.17)
The essential factor in the truncation error is therefore given by
. b0 e a1 v a0 M mw e Linemdgd (6.18) ‘

as &£ + 0

The scheme is thus first order for v > n, second order for p = v < 1 and exact for

e Lt A n g

It may be noted that this scheme with v = p closely resembles the Lax-Wendroff
o
method for this equation (or any other SB method). In fact, the terms in U  in (6.7)

are exactly the same and it is only the presence of the mass matrix which distinguish the
schemes: it has the effect of marginally improving the accuracy, for the coefficient of

167 in (6.18) Is $P(I-1/6, while Por-Dav-Wendtofs tv dv  pil-p 173 .

=3Gu
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7. APPROXIMATION OF THE ADVECTION OPERATOR

In the foregoing sections, we have identified three easily implemented approximations
to uaxu, all based on the Galerkin method with linear elements but distinguished by the
way in which the product is formed. The definition of the methods is contained in the ex-
pression for the truncation errors, in a semi-discrete process and with restriction rh, as

follows: the single~stage Galerkin method (SSG) gives

1 X 1
- ; T
rh(uaxu) r [(p rbu)(axp rhu)] ; (7.1)

the double-stage Galerkin method (DSG) gives
1 1 1.3 3
- ; T,
rh(uaxu) £ [ip rhu) (pr 3P rhu) : (7.2)
and point multiplication Galerkin (PMG) gives
r. (ud . v) = (x u)(tlb lr u) (7.3)
h'%o% h «F Th - 3

The natural choice for rh in the first two cases is xl, while rc is probably most

natural for the third. For the purpose of comparison then, we tabulate for each case under

both choices the leading term in ¢€(£,£) for a single mode as introduced for (4.16). The

entry for PMG under rc follows immediately

Restriction rl ©
SSG %54 *%Ez
DSG o LR Y&
PMG %52 1—;—054

Table Leading terms in €(£,£) for the three methods
SSG, DSG, PMG under the restrictions r1 and rc.

from (3.8) because point multiplication is exact under r® and there is no interference

between the processes because rc(uaxu) H (rcu)(rcaxu). The DSG entry under rl is new

=36
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and is also the smallest: comparing with (3.13), it results from a vY(£,£') which behaves

like 1 + (2535' + 3525'2+ 255'3-45'4)/720.

For smooth functions and under the restriction rl, we would expect therefore that
DSG would be up to nearly six times better than SSG. This will depend on the spread of

modes in u since the total truncation error at node; is of the form

.5, = fake™ Matkn) fact-0 GGk v 0udk-F0 e(ors, 0-8) (7.4)
where we have put £+£' = 20 = kh and £-£' = 26 = kh. Thus we compare
Eggg 8+6s 6-8) (170%-36 836+100% 2+ 4663+ s56%) /720 (7.5)
and €peg 8+, 8-8) ~ - (30%+160%5 - 300%6%+1606°-56%) /720 : (7.6)
- k2
for a normally distributed spectrum, u(k)& e Y , these expressions would be multiplied

2.2
by e—Y(k Y/ 2

before being integrated over «(or 8), so that the leading terms in (7.5)
and (7.6) would be dominant.
By contrast, under these conditions PMG would be quite uncompetitive. On the other

¢ : c g € :
hand, considering the error r u-u under the restriction r in this case, we need to

compare (7.5) and (7.6) with
oy (9481 6-6) ~ a(0%-a0%5+606%5%-406%46%) /720 (7.7

which shows it to be quite comparable to DSG. The choice between these methods must there-

fore come down to a choice of restriction. With rc, the factor af(kh) in (7.4) is miss-

ing and this becomes significant when contributions from kh+2nm for all n are combined

ikx

in the coefficient to e . Thus suppose we write in each case
1 | L - | i
E(k) = max|e| . Idxlz(k-ac)u(2k+2r)u(3k-5<)| ! (7.8)
Then the coefficient of e1kx in the truncation error is bounded by
Z(n) a(kh+2nm)E(k+2nT/h) (7.9)
«27=




for PMG under rc this is an undamped sum over the E values; but for DSG (or SSG) under
rl, a(€) is rapidly damped for |£| > m, being reduced by a factor nine by £ = 31/2
and behaving asymptotically like 5-2. Such modes beyond the resolution of the grid are
continuously created by the product operation and result in the phenomenon of aliasing: a
sharply damped o is essential for their suppression. For the spline-Galerkiﬁ methods of
section 4, a(f) ~ & " and for spectral methods (Orszag [21]) a(£) =1 for |&] <7 and
a(g) = 0 for lEI > m.

One further factor, besides the behaviour of errors for small § and the suppression
of aliased modes for large £, needs to be considered in comparing methods. That is the
growth rate of errors as expressed by the second term on the left of (2.17) or the stability

bound in (2.22). For SSG one will have the same energy conservation properties as for the

differential problem and the error growth can also be analysed in a similar way: for example,

in the model problem at“ + uaxu = 0, one has for two semi-discrete approximations U and

V on the whole real line

d 2 2 2 2 .2
E{'IU-V" = (3xU -3xV e U=V) =(U -V , Bx(u-v))

ool dondae 1ol -2
= TR U)o SR (U] L 0=V} Ty (7.10)

Thus the deviation grows only when the mean solution is "compressive”. On the other hand,
in obtaining the greater accuracy with DSG one has sacrificed energy conservation and this
result on error growth. For energy conservation one has now, where A+,6 are the forward

and central difference operators,

1.1
(3,U + U(P'r 3 W,u) =0 ,

z a4 1 2 )0 © 2

i.e., EE””” = (1-p'r)3 U,y (7.11)

&
s (1/72)2(j (A+Uj: (8 A+Uj) : (7.12)

)

thus energy grows in a typical compressive wave-front at a rate which is O(h4). Similarly

instead of (7.10) one has

dGu




d 2 ¥ 2 T 1.7
d—:”U'V” + 58, (UV) ,(U-V)7) = 2(U(l-p r) 3 U-V(l-p'r )3 V, U-V)

N 1736008 ) [0 (628,00- (8, V) (66, v 015, 0-v)) . (7.13)
which is much less useful. However, in numerical comparisons with the shallow water equa-
tions on a two dimensional triangular grid, Cullen [3,4] has found DSG to be giqnificantly
more accurate tha.u SSG and both much better than PMG: he also noted that the two simpler
Galerkin processes in DSG could be inmplemented more efficiently than the one process in
SSG.

Finally, let us briefly consider the effect of an irregular mesh. With linear ele-

ments, the Galerkin method gives for V = rlaxplu the equations
1 1 1 1 x
— i — - \ = — -
G vj-1+ 3 Vj)hj_ + 3 vj+ c vj+1,hi+ > (U L) B (7.14)

where hj- and hj+ are the intervals to the left and right of the jth node. Now

suppose that a co-ordinate transformation were made so as to give a regular mesh in a new
b 4 z : : 1

co-ordinate y and denote dx/dy by g(y). Then if g(y) is piecewise constant, p

denotes the same prolongation in both x- and y- space and the same vector V is gen-

erated from

i
(¢i ' gplg) = (¢i ' ayplg) . {(7.15)

That is, if we define ry to be the restriction carried out in y-space with the weight

function g(y) in a least squares procedure, V= ry(g-layplg). Now we can carry out a

p B i ~ ik . .
Fourier analysis in y-space and with u = ue Y  consider the truncation error

=1 -1 1
rh(g (y)ay)u - (ry g (y)ayp )rhu . (7.16)

This is probably simplest when rh is chosen to be zy: then the ratio of the nodal values

is g-l sin g(ﬁ'lg)j. where ¢ = kh and h is the y-mesh interval; the tridiagonal matrix

M and vector a are given by

M o= 1 -ig 2 1 i
M (...,6 gj_e 3" & B @ “pnend) (7.17)
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e i

aj = [2 - (gj+ ei€+ gj_ elg) + ig(gj+ - gj_)]/2(1 - co8 EY . (7.18)

th

where qj_. g are the values of g to the left and right of the jJ node. This is a

i+
direct generalisation of the regular mesh case and shows more readily how the order of

accuracy is lost than an analysis on the x-mesh. As Thomée and Wendroff [33] suggest, one

can of course recover the full fourth order accuracy by choosing a smooth transformation

g(y) and replacing both ry and rh by r1 in y-space: the method is now changed from

(7.14) and the evolutionary error is defined by a projection in y-space, i.e. one has

actually changed co-ordinate systems and no longer has an irregular grid.
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